Let M be a compact Riemannian manifold and h a smooth function on M . Let ρ h (x) = inf |v|=1 (Ric x (v, v) − 2Hess(h) x (v, v)). Here Ric x denotes the Ricci curvature at x and Hess(h) is the Hessian of h. Then M has finite fundamental group if ∆ h − ρ h < 0. Here ∆ h =: ∆ + 2L ∇h is the Bismut-Witten Laplacian. This leads to a quick proof of recent results on extension of Myers' theorem to manifolds with mostly positive curvature. There is also a similar result for noncompact manifolds.
is the hessian of h. Denote by ∆ h the Bismut-Witten Laplacian (with probabilistic sign convention) defined by: ∆h = ∆ + 2L ∇h on C ∞ K the space of smooth differential forms with compact support. Here L ∇h is the Lie derivative in direction of ∇h. Then the closure of ∆ h is a negative-definite self-adjoint differential operator on L 2 functions (or L 2 differential forms) with respect to e 2h dx for dx the standard Lebesgue measure on M. We shall use the same notation for ∆ h and its closure. By the spectral theorem there is a heat semigroup P h t satisfying the following heat equation:
We shall denote by P h t φ the solution with initial value φ. For clarity, we also use P h,1 t for the corresponding heat semigroup for one forms. Then for a function f in C
On M there is a h-Brownian motion {F t (x) : t ≥ 0}, i.e. a path continuous strong Markov process with generator 
∆
h for each starting point x. For a fixed point x 0 ∈ M, we shall write
Let {W h t (−), t ≥ 0} be the solution flow to the following covariant equation along h-Brownian paths {x t }:
Here # stands for the adjoint. The solution flow W h t is called the Hessian flow.
Let φ be a bounded 1-form, then for x 0 ∈ M, and
) and write ρ for ρ h if h = 0. Then covariant equation (2) gives:
as in [4] .
Let P ρ h t be the L 2 semigroup generated by the Schrödinger operator
by the Feyman-Kac formula. So equation (5) is equivalent to
Let Uf be the corresponding potential kernel defined by:
Following Bakry's paper [1] , we have the following theorem:
Theorem 1 Let M be a complete Riemannian manifold with Ric−2Hess(h) bounded from below. Suppose
for each compact set K. Then M has finite h-volume(i.e. M e 2h(x) dx < ∞), and finite fundamental group.
ρ h (Fs(x))ds dt , and sup(g) denotes the support of g.
Next take f = h n , for h n an increasing sequence of smooth functions approximating 1 with 0 ≤ h n ≤ 1 and |∇h n | ≤ 1 n , see e.g. [1] .
First let t go to infinity, then let n → ∞ to obtain:
This gives a contradiction with a suitable choice of g. So we conclude hvol(M) < ∞.
Let p:M → M be the universal covering space for M with induced Riemannian metric onM . For p(x) = x, let {F t (x), t ≥ 0} be the horizontal lift of {F t (x)} toM . Denote byRic the Ricci curvature onM ,h the lift of h toM , andρ h the corresponding lower bound forRic − 2Hess(h). Then the induced {F t (x), t ≥ 0} is a h-Brownian motion onM . See e.g. [4] . Note alsoρ h satisfies
for anyK ⊂M compact. The same calculation as above will show that M has finite h-volume, therefore p is a finite covering and so M has finite fundamental group.
Let r(x) be the Riemannian distance between x and a fixed point of M and take h to be identically zero:
Corollary 2 Let M be a complete Riemannian manifold with
, when r > r 0
for some r 0 > 0. Then the manifold is compact if sup x∈K U1(x) < ∞ for each compact set K.
Proof: This is a consequence of the result of [3] : A complete Riemannian manifold with (7) has infinite volume. See also [11] .
For another extension of Myers' compactness theorem, see [3] where a diameter estimate is also obtained.
In the following we shall assume M is compact and get the following corollary:
Corollary 3 Let M be a compact Riemannian manifold and h a smooth function on it. Then M has finite fundamental group if ∆ h − ρ h < 0.
Proof: Let λ 0 be the minimal eigenvalue of
See e.g. [7] . Thus there is a number T 0 such that if t ≥ T 0 ,
The result follows from theorem 1.
. Let ✷ h be the Witten Laplacian defined by:
On the other hand,
See e.g. [6] . This gives: a compact manifold has finite fundamental group if
Corollary 3 leads to the following theorem from [10] : Let N = N (K, D, V, n) be the collection of n-dimensional Riemannian manifolds with Ricci curvature bounded below by K, diameter bounded above by D, and volume bounded below by V .
Corollary 4 (Rosenberg& Yang) Choose R 0 > 0. There exists a = a(N , R 0 ) such that a manifold M ∈ N with vol{x : ρ(x) < R 0 } < a has finite fundamental group. Here "vol" denotes the volume of the relevant set.
Proof: Let h = 0 in corollary 3. Then under the assumptions in the corollary, ∆ − ρ < 0 according to [8] . The conclusion follows from corollary 3.
